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Abstract

Experiments for air ~owing upward in a vertical circular tube were conducted for heating rates causing signi_cant
property variation in primarily forced convection[ Two entry Reynolds numbers were employed\ concentrating on three
heating rates of q¦

i � qýw:Gcp\inTin ¼ 9[9907\ 9[9924 and 9[9934\ to give conditions considered to be {turbulent|\ {sub!
turbulent| and {laminarizing|[ In addition to variation of integral parameters\ results include the mean velocity and
temperature distributions*needed to guide development of advanced turbulence models for this situation[ However\
comparison to a simple approach*a modi_ed version of the van Driest model*shows useful agreement[ Þ 0887
Published by Elsevier Science Ltd[

Nomenclature

" # function of
cp speci_c heat at constant pressure
D tube inside diameter
g acceleration of gravity
`c units conversion factor\ e[g[\ 0 kg m "N−0 s−1#
G mean mass ~ux\ 3m¾ :PD1

h convective heat transfer coe.cient
k thermal conductivity\ turbulent kinetic energy
l\ l mixing length
L turbulent length scale
m¾ mass ~ow rate
p pressure
qý heat ~ux ^ qýw\ wall heat ~ux
r radius ^ rw\ tube wall radius
T absolute temperature ^ t\ relative temperature
u streamwise velocity component ^ U\ time!mean
streamwise velocity component
ut friction velocity\ "`ctw:rw#0:1

v radial velocity component ^ V\ time!mean radial vel!
ocity component

� Corresponding author[

Vb bulk or mixed!mean streamwise velocity
x axial location\ measured upward from start of heating
y coordinate perpendicular to the wall[

Greek symbols
o eddy di}usivity\ om for momentum\ oh for thermal
energy ^ dissipation
m absolute viscosity
n kinematic viscosity
r density
t shear stress ^ tw\ wall shear stress[

Subscripts
b evaluated at bulk or mixed!mean temperature "or
enthalpy#
c centerline
e} e}ective
fd fully developed "velocity# or fully established "heat
transfer#
i\ in inlet
m mixed!mean or bulk\ also peak value
v evaluated at location where o � n\ relates to viscous
layer length scale
w wall\ evaluated at wall temperature
x evaluated at local axial position[
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Non!dimensional quantities
A¦ constant or function in van Driest mixing length
model
f friction factor\ 1rb`ctw:G1

Grq local Grashof number based on heat ~ux\ gD3qýw:
"n1

bkbTb#
KV acceleration parameter\ KV �"nb:V

1
b#"dVb:dx#

Nu Nusselt number\ e[g[\ hD:k
P¦ pressure defect\ rin`c"pin−p#:G1

Pr Prandtl number\ cpm:k ^ Prt\ turbulent Prandtl
number\ om:oh

q¦ heat ~ux\ qýw:GcpT ^ q¦
i \ based on inlet conditions\

qýw:Gcp\inTin

Re Reynolds number\ 3m¾ :PDm ^ Rew\m\ modi_ed wall
Reynolds number\ VbD:n"Tw#
St Stanton number\ h:Gcp

t¦ temperature\ "Tw−T#rwut\wcp\w:qýw
u¦ streamwise velocity component\ U:ut

y¦ wall distance\ y"`ctw:rw#0:1:nw ^ y¦
v \ predicted viscous

layer thickness[

0[ Introduction

For dominant forced convection with signi_cant gas
property variation\ in low Mach number ~ow of common
gases through a circular tube\ apparently the only pub!
lished internal pro_le data available to guide "or test# the
development of predictive turbulence models are K[ R[
Perkins| measurements of mean temperature dis!
tributions ð0Ł[ The work here takes the next step ] the
_rst mean velocity distributions for this situation are
presented[

A wide variety of basic studies has been conducted
examining turbulence structure in simple boundary layers
with constant properties ^ but almost none have been
accomplished for accelerating ~ows with signi_cant
transport property variation as induced by strong heating
of a gas in internal ~ow\ e[g[\ inside a circular tube[
These ~ows develop continuously downstream[ There are
several phenomena that relate to the ~ow development ]
thickening of the viscous sublayer\ ~ow acceleration and
buoyancy e}ects for example[

In our terminology\ the viscous layer is operationally
de_ned to include both the so!called {linear| layer\ where
molecular e}ects dominate\ and the next region where
molecular e}ects are still signi_cant but not dominant[
For unheated ~ows\ these regions typically extend to y¦

of about _ve and thirty\ respectively[ This usage follows
that suggested by Bradshaw ð1Ł "and contrasts with
another popular common de_nition where the linear
region is called the viscous layer ð2Ł#[

It is probably also appropriate to point out that the
use of resistive heating\ as in the present experiment\
poses a severe challenge for turbulence models[ An
approximately constant wall heat ~ux evolves[ With sig!

ni_cant property variation due to large temperature
ratios\ it is easier to model turbulent ~ows with constant
wall temperature as the boundary condition than those
with a speci_ed wall heat ~ux[ With a constant wall
temperature\ the ~uid properties in the viscous region do
not change substantially in the axial direction[ With a
constant or increasing wall heat ~ux\ the transport
properties in the viscous region change continuously and
rapidly for strong heating rates as the ~ow progresses
downstream[

In experiments\the attempt to obtain some reasonable
spatial resolution for the dominant viscous layer while
measuring mean velocity and temperature distributions
in strongly heated\ internal gas ~ows leads the exper!
imenter to ~irt with laminar ~ow and its approach\ called
{laminarization| ð3Ł or {reverse transition| ð4Ł[ For this
latter situation\ a tube ~ow turbulent at its inlet gradually
begins to approach results corresponding to laminar the!
ory "in terms of integral parameters\ such as local Nusselt
numbers and local skin friction coe.cients# although
turbulent ~uctuations are usually still evident[ For fur!
ther general background on laminarization in internal
convective heat transfer to gases\ a survey by McEligot
ð5Ł may be useful[

The present data are for gas ~ows where forced con!
vection dominates[ From a developed turbulent ~ow at
a nominal room temperature\ the maximum heating rate
yields maximum wall temperatures of about 739 K ^ but
the 16 mm diameter tube is small enough that mixed
convection parameters indicate that buoyancy e}ects
would be small[ These measurements further supplement
and extend earlier data for internal turbulent ~ows in
small tubes "D ³ 02 mm¼ 0:1 inch# with temperature!
dependent transport properties that could only provide
integral parameters\ e[g[\ by Humble\ Lowdermilk and
Desmon ð6Ł\ Jackson ð7Ł\ McEligot\ Magee and Leppert
ð8Ł\ Perkins and Worsoe!Schmidt ð4Ł and others[ These
earlier data gave initial tests of turbulence models
accounting for temperature!dependent transport proper!
ties\ as demonstrated by McEligot and Bankston ð09Ł\
Bankston and McEligot ð00Ł and Kawamura ð01Ł[

By comparison to thermal entry measurements\ Bank!
ston and McEligot ð00Ł were able to examine the appli!
cation of eleven algebraic turbulence models for high!
Reynolds!number turbulent gas ~ows with properties
varying strongly in both axial and radial directions[ Best
agreement was found with a van Direst mixing length
model ð02Ł with the exponential term evaluated with wall
properties[ To accommodate low!Reynolds!number tur!
bulent and laminarizing ~ows\ McEligot and Bankston
ð09Ł modi_ed this model as described later in Section
1[ This modi_cation was developed by comparison to
integral quantities\ such as the local Stanton number\
since internal pro_le measurements were not then avail!
able for guidance[

To provide internal data\ Perkins ð0\ 03Ł conducted
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experiments to obtain mean axial and radial temperature
distributions in strongly!heated turbulent and lami!
narizing ~ows with dominant forced convection[ Con!
ditions were categorized as turbulent\ laminarizing or
subturbulent "or intermediate#[ After adding a body force
term to the axial momentum equation in the computer
program of Bankston and McEligot ð00\ 04Ł\ data were
compared to predictions[ Perkins and McEligot con!
cluded that simple modi_cations of the van Driest model
predicted the trends of local Nusselt numbers and the
mean temperature pro_les well for turbulent ~ows and
for ~ows laminarizing rapidly\ but that the {subturbulent|
~ows were more di.cult to simulate[

Most recent work on the topic of laminarization by
heating has been conducted in Japan[ Measurements of
local heat transfer coe.cients and friction factors for
transitional and laminarizing ~ows have been obtained
by Ogawa et al[ ð05Ł and Ogawa and Kawamura ð06Ł with
circular tubes[ Local Nusselt numbers were measured for
annuli by Fuji et al[ ð07Ł and Torii et al[ ð08Ł[ The _rst
investigator to succeed in applying an {advanced| tur!
bulence model to laminarization by heating apparently
was Kawamura ð01Ł[ He concluded that a modi_ed kÐkL
model gave good agreement with the experiments[ Ogawa
and Kawamura ð06Ł also observed that the kÐkL model
predicted their local friction factor data well during lami!
narization[ Fujii et al[ ð07Ł employed three types of tur!
bulence models for comparisons to their measurements
of strongly!heated turbulent gas ~ow in an annulus[ Torii
et al[ ð08Ł and Torii and Yang ð19Ł applied a modi_ed
kÐo model for predicting streamwise variation of heat
transfer parameters in low!Reynolds!number turbulent
and laminarizing ~ows in circular tubes and annuli[ Torii
et al[ ð10Ł also attempted to apply the Reynolds!stress
model of Launder and Shima ð11Ł to St "Re# data for
a circular tube ^ they concluded that predictions were
comparatively poor in the range of turbulent!to!laminar
transition[

None of these investigators appear to have compared
their predictions to internal data for strongly!heated gas
~ows[ To the authors| knowledge\ the only numerical
studies of {advanced| turbulence models for turbulent
and laminarizing ~ows at high heating rates that utilized
internal data have been those of Mikielewicz ð12Ł\ Ezato
et al[ ð13Ł and Nishimura et al[ ð14Ł which employed
measurements from the present study[

The general goal of the present study is to obtain
greater understanding of the structure of strongly heated\
internal\ turbulent gas ~ows and their {transition| to
apparent laminar ~ows\ with the current emphasis being
on mean structure[ Accordingly\ the immediate objective
is to measure the development of distributions of the
mean streamwise velocity and temperature in a well!
de_ned\ axisymmetric experiment involving signi_cant
variation of the gas transport properties in the viscous
layer\ which dominates convective thermal resistance[ A

second objective is to document the data so they can be
used to test hypothesized turbulence models and pro!
ported {general purpose|\ computational thermal ~uid
dynamic codes[ Some advanced methods use {parabolic
sublayers| based on mixing length models near the wall
to reduce computer storage requirements and calculation
times for complex ~ows or geometries "or complex mod!
els# ^ therefore an additional objective is to examine the
validity of the modi_ed van Driest mixing length model
of McEligot and Bankston ð09Ł that was derived to
account for property variation in the viscous layer due
to high heating rates[ Flow rates and heating rates were
chosen to yield experimental conditions leading to results
which range from predominantly turbulent to near lami!
nar ~ow in integral terms[

1[ Predictive technique

The numerical method employed was the _nite!con!
trol!volume approach of Bankston and McEligot ð00Ł as
modi_ed by Bates et al[ ð04Ł to include a body force term
in the x!momentum equation to account for buoyancy
e}ects\

rU
1U

1x
¦rV

1V
1r

¦`c

dp
dx

¦rg �
0
r

1

1r 0rmeff

1U
1r 1 [

Other governing equations remain as presented by Bank!
ston and McEligot[ Basic assumptions implied include
axisymmetric steady mean ~ow at a low Mach number
with steady heating[ Internal boundary layer approxi!
mations are used in derivation of the governing conti!
nuity\ x!momentum\ energy and integral continuity equa!
tions[ No changes of phase or chemical composition are
accommodated[ Many authors neglect the density vari!
ation in the convective terms "i[e[\ the so!called Bous!
sinesq approximation# but density variation is treated in
all terms in the present work[ Details of the iterative
solution procedure are presented in the paper by Bank!
ston and McEligot[ The e}ective viscosity is evaluated
via a mixing length approach with

meff � m¦mt and mt � rl1 =1U:1r=[
The viscosity\ density and mean velocity gradient are
evaluated at their pointwise values[

Initial conditions are speci_ed at the entry ^ these are
taken well upstream from the start of heating when the
experiment utilizes an {adiabatic| hydrodynamic entry of
constant diameter\ as in the present experiment[ The wall
is impermeable and investigators| tabulations of local
wall heat ~uxes are approximated by spline functions for
the thermal boundary condition in the heated region[
Mesh spacing is varied in both the radial and axial direc!
tions[ To treat the variation of transport properties
through the viscous layer\ the _rst point of calculation in
the radial direction is at y¦ ¼ 9[4 or less[ Mesh par!
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ameters are adjusted to give heat transfer and wall friction
results within about one per cent of converged values[

In the present work\ the transport properties of air are
represented by power laws and the perfect gas approxi!
mation ð0\ 15Ł as r ¼ rin"p:pin#"Tin:T#\ m ¼ min"T:Tin#9[56\
k ¼ kin"T:Tin#9[794 and cp ¼ cp\in"T:Tin#9[984[ The turbulence
model is entered as a subroutine with e}ective viscosity
and thermal conductivity formed as the sums of molecular
and turbulent contributions[

As noted\ an additional objective of the present study
is to examine the validity of the simple\ modi_ed van
Driest model ð09Ł which was derived to account for prop!
erty variation due to high heating rates in low!Reynolds!
number gas ~ows[ Based primarily on comparison to
St"x# data from small tube experiments[ McEligot and
Bankston extended the van Driest model to treat tur!
bulent!to!laminar transition due to strong heating[
Essentially\ they extended a history:delay function with
rate equations for integral parameters from Nash and
MacDonald ð16Ł and modi_ed the van Driest rep!
resentation to include Reynolds number dependence[
McEligot and Bankston wrote their version of such a
rate equation with the mixing length l as the dependent
variable and hypothesized the rate of axial readjustment
to vary with the pointwise shear stress and inversely with
the viscosity as follows

1l"x\ y#
1x

� C
zt"y#:r"y#

n"y#
ðlfd"x\ y#−l"x\ y#Ł[

The quantity lfd represents the mixing length which would
exist at the same conditions if a fully developed situation
were possible[ Large values of C represent rapid readjust!
ment[ Small values inhibit adjustment from the mixing
length pro_le existing at the start of heating[ The present
calculations take C � 9[990 when l × lfd and C � 9[9993
when lfd × l[ For use in the numerical program the rate
equation is integrated locally\ with all variables except l
treated as constant over the short distance\ to give

li\ j � lfd\i−0\ j−ðlfd\i−0\ j−li−0\ jŁ exp "−CDx¦#

where x¦ � xð`ct"y#:r"y#Ł0:1:n"y# and i and j are indices
for the mesh points[

For heat transfer to gases ~owing turbulently at low
Reynolds numbers and constant property conditions\
Reynolds\ Swearingen and McEligot ð17Ł had suc!
cessfully correlated their quantity y¦

0 as a function of
Reynolds number to predict friction factors\ local Nusselt
numbers and adiabatic velocity pro_les adequately[
Accordingly\ McEligot and Bankston adjusted the con!
stant in the van Driest model to become a function
A¦"Re#\ since constant property predictions from the
van Driest model become poor in the low!Reynolds!num!
ber range ð18Ł[ For ~ows with signi_cant property vari!
ation\ it is not evident which possible de_nition of the
local Reynolds number is appropriate to use in the func!
tion[ For the present work we chose the modi_ed wall

Reynolds number\ Rew\m "� VbD:n"Tw# � Re "nm:nw##\
since*in comparisons to laminarizing data*McEligot
and Bankston found that employing A¦"Rew\m# lead to
slightly conservative results for heating[ Thus\ in the
present numerical calculations\ the quantity lfd is evalu!
ated as

lfd � kyð0−exp"−y¦:A¦"Rew\m##Ł
with the wall coordinate y¦ speci_cally de_ned as
yð`ctw:rwŁ0:1:nw ð00Ł[ The function A¦"Rew\m# which was
used in the present work is listed in Table 0 ^ a value of
9[3 is used for k[ The original paper ð09Ł and the review by
McEligot ð5Ł provide further discussion of the philosophy
leading to this simple\ modi_ed model and of some unsuc!
cessful alternate attempts[

To evaluate the e}ective thermal conductivity\ Rey!
nolds analogy "i[e[\ oh � om or Prt � 0# is used[ In addition
to being convenient\ this approach has recently been
shown to be as e}ective*for predicting Nu"x# in ~ows of
low!Prandtl!number gas mixtures*as any of a popular
variety of models for the turbulent Prandtl number and
Direct Numerical Simulation ð29Ł[ Comparison to the
present measurements will indicate whether it is accept!
able for predicting internal mean pro_les with strong
property variation[

2[ Experiment

The experimental objective of Shehata ð15\ 20Ł was to
measure the distributions of the mean streamwise velocity
and temperature for dominant forced convection in a
well!de_ned\ axisymmetric experiment involving sig!
ni_cant variation of the gas transport properties across
the viscous layer[ Accordingly\ experiments were con!
ducted for air ~owing upwards in a vertical circular tube

Table 0
The function A¦"Rew\m# ð09Ł

Rew\m A¦"Rew\m#

³1114 0×0909

1114 0149
1459 53
2999 43

3999 36
8999 26

03 499 23

33 999 29
79 999 17[4
4×094 16
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heated resistively ^ the desired internal distributions were
determined via hot wire anemometry[

A reason for the paucity of data in the available litera!
ture*for pro_les in dominant forced convection of com!
mon gases with high heating rates*tends to be related
to size[ The region controlling the transfer of heat and
momentum in turbulent wall ~ows is primarily the vis!
cous layer which occupies a small fraction of the cross
section[ This fraction grows as the Reynolds number is
lowered[ With strong heating\ the large turbulent tem!
perature ~uctuations make simultaneous measurement
of instantaneous temperature and velocity desirable*
but available multisensor probes generally do not provide
the spatial resolution necessary without {large| size[ How!
ever\ if one chooses a large tube and a low Reynolds
number " for thicker viscous layers# to improve spatial
resolution\ the problem quickly becomes one of dominant
natural convection[ The experimenter must compromise
in order to obtain data which the theorist can extend to
conditions where the experimenter cannot easily tread[

The experiment was conducted in an open loop built
around a vertical\ resistively!heated\ circular test section
exhausting directly to the atmosphere in the laboratory[
The experiment was designed to approximate a uniform
wall heat ~ux to air\ entering with a fully!developed tur!
bulent velocity pro_le at a uniform temperature[ Small
single wire probes were introduced through the open exit
in order to obtain pointwise temperature and velocity
measurements[ Details of the experiment plus tabulations
of resulting data are available in a report by Shehata and
McEligot ð20Ł with some additional information given by
Perkins ð0Ł[

A resistively!heated\ seamless\ smooth\ extruded
Inconel 599 tube of 16[3 mm "0[97 in[# inside diameter
was employed as the test section[ Heated length between
the electrodes was about 21 diameters and it was preceded
by a 49 diameter\ unheated entry region for ~ow devel!
opment ^ the short heated length was picked to permit
high heating rates with this material while possibly
approaching quasi!developed conditions[ Outside wall
temperatures were determined with premium grade\
Chromel Alumel thermocouples distributed along the
tube[ The axial variation of the static pressure was
obtained with pressure taps electrostatically drilled
through the wall[

A single hot wire sensor was chosen to measure the
streamwise velocity and temperature\ in preference to
an X!probe or other multiple sensor probe\ in order to
minimize ~ow disturbances and blockage by prongs and
support in the 16 mm tube and to permit measurements
closer to the wall[ It was employed as a hot wire for
velocity measurements and as a resistance thermometer
for pointwise temperatures[ In addition to the usual
di.culties of hot wire anemometry\ the temperature
range of the present experiment introduced additional
problems[ These di.culties\ their solutions and related

supporting measurements are described by Shehata
ð15\ 20Ł[

Convective and radiative heat losses from the outside
of the tube were reduced by insulating with a 02 mm "0:1
in# thick layer of _ne silica bubbles\ surrounded in turn
by electrical heating tapes for guard heating[ By this
method\ heat losses were constrained to less than 09) of
the thermal energy generation rate except within a few
diameters of the electrodes ^ the heat losses were cali!
brated so the consequent uncertainties in qýw"x# were
considerably less than the heat loss magnitudes[ Con!
_dence tests included checking the mean velocity pro_les
and their symmetry in adiabatic ~ow runs at Reynolds
numbers about 3999\ 5999 and 7999[ Adiabatic skin fric!
tion coe.cients were calculated from static pressure
di}erences between a location near the nominal start
of heating "x:D de_ned to be zero# and x:D ¼ 08[6 for
Reynolds numbers from about 2999Ð09 999[ These data
fell between accepted correlations for fully!developed tur!
bulent ~ow ] those of Blasius ð21Ł and of Drew et al[ ð22Ł[
They agreed to within 0Ð1)[

Experimental uncertainties were estimated employing
the technique of Kline and McClintock ð23Ł[ Examples
of the resulting uncertainties in velocity and temperature
are tabulated as functions of position and experimental
run by Shehata ð15Ł[ In general\ the uncertainty in vel!
ocity was calculated to be in the range of 7Ð09) of
the pointwise value\ with the larger percent uncertainties
occurring near the wall[ The uncertainty in temperature
was typically 0Ð1) of the pointwise absolute tempera!
ture[ These estimates are believed to be conservative "i[e[\
pessimistic# since comparisons of the integrated and mea!
sured total mass ~ow rates for each pro_le showed better
agreement*of the order of 2) or less\ except near the
exit in the runs with the two highest heating rates[ The
estimated experimental uncertainty in the Stanton num!
ber was 5) or less for the range 2 ³ x:D ³ 19 and for
the non!dimensional pressure defect it was about 3) at
the last measuring station ð0Ł[

3[ Results

3[0[ Ran`e of variables

Experimental conditions were selected to correspond
to three generic situations ] "0# essentially turbulent ~ow
with slight\ but signi_cant\ air property variation\ "1#
severe air property variation evolving to near laminar
~ow "as implied by the integral heat transfer parameters#
and "2# moderate gas property variation\ yielding
behavior that was intermediate or transitional between
the _rst two[ Perkins ð0Ł had found that the thermal
development of the latter situation was the most di.cult
of the three to predict[ Inlet Reynolds numbers of about
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5979\ 5949 and 3159 with non!dimensional heating rates\
q¦\ of about 9[9907\ 9[9924 and 9[9934\ respectively\
yielded this range[ Over the range 4 ³ x:D ³ 15 the wall
heat ~ux was uniform to within 2) of the average value[
Inlet temperature was about 13>C "64>F#[

The length of the test section was chosen to permit
measurements through and beyond the normal thermal
entry region while attaining signi_cant transport vari!
ation\ as exempli_ed by Tw:Tb and Tw:Ti\ with common
materials and gas[ Wall temperatures reached 749 K
"0409R#\ maximum wall!to!bulk temperature ratio was
about 0[8 and the Mach number was less than 9[902\
indicating that compressibility e}ects would have been
negligible[ At the entrance the buoyancy parameter
Grq:Re1 reached 9[42 for the highest heating rate and
lower Reynolds number[ The maximum wall!to!inlet
temperature ratio was about 1[6\ indicating that gas
properties such as viscosity varied by a factor of two in
the test section[

For the thermal entry comparisons shown herein\ the
deduced wall heat ~ux variation qýw"x# of the experiments
was employed as the boundary condition in the predic!
tions\ starting at x � 9\ rather than the usual constant!
heat!~ux idealization[ Electrical resistance heating of the
test section\ as in this experiment\ yields an axial heat
~ux distribution near the electrode that may be approxi!
mated as exponentially approaching a constant value at
small axial distances[ Reynolds et al[ ð17Ł provide an
eigenvalue solution for the exponential description ^ for
their low!Reynolds!number data this analytical solution
approaches the comparable solution based on the con!
stant!wall!heat!~ux idealization to within 1) before four
diameters[

3[1[ Axial variation of inte`ral parameters

The streamwise variations of some of the pertinent
integral parameters are shown in Fig[ 0[ These quantities
were deduced with the aid of energy balances which
accounted for radial heat loss through the insulation\
axial conduction along the test section to the electrodes
and the slight variation of the electrical resistivity[ The
individual runs are identi_ed by three digits representing
the inlet Reynolds number and the non!dimensional heat!
ing rate "e[g[\ Run 524 is for Rei¼5999 and q¦¼9[9924#[

The _rst sub_gure compares the measured wall tem!
peratures[ After the immediate thermal entry the wall
temperature varies almost linearly despite the property
variation ^ this behavior is comparable to the case with
constant properties and constant wall heat ~ux ð24Ł but
the magnitudes di}er[ One sees that the unheated entry
region is not completely adiabatic at these high heating
rates due to axial thermal conduction in the Inconel tube
and axial thermal radiation from the internal wall tem!
perature downstream[ The bulk temperature variation is

nearly linear in these experiments because the wall heat
~ux and the speci_c heat of the air are both almost
constant[

The bulk Reynolds number\ Rem\ decreases up the tube
as a consequence of the increasing bulk temperature and
viscosity[ However\ even for the most severe case it is not
as low as 2999\ which is still well above the value for
transition in long tubes\ according to conventional
wisdom[

The local buoyancy parameter\ Grq:Re1
m\ behaves in an

unexpected but explicable manner[ "For evaluation of
this parameter\ properties are taken at the local bulk
temperature\ e[g[\ q¦

x\m is de_ned as qýw\x:"Gcp\bTb#[# The
numerator remains constant for a gas with constant heat
~ux\ while the denominator increases as T 2[7\ approxi!
mately[ Consequently\ this parameter is highest near the
thermal entrance and then decreases along the test
section[ The maximum values indicate that buoyancy
e}ects could be noticeable*and\ in predictive tech!
niques\ must be treated in the momentum equation at
least and possibly in the turbulence model directly[ Miki!
elewicz et al[ ð18Ł have examined the possible e}ects on
the present data and concluded that buoyancy would
have a}ected the Nusselt number by 6) or less in the
worst case[

The local acceleration parameter\ KV\ remained near
constant after the immediate thermal entry\ except for
the last few diameters near the exit[ It reached values of
0[1×09−5\ 1[1×09−5 and 3×09−5 for runs 507\ 524 and
334\ respectively[ For unheated accelerating ~ows\ Kline
et al[ ð25Ł noted that turbulent bursts apparently ceased
when their comparable Ku reached a critical value of
2[6×09−5[ On the other hand\ for a value of KV of about
0[4×09−5 Chambers et al[ ð26Ł found the bursting rate
to remain approximately constant at the turbulent value
when based on wall scaling[ In these terms\ the present
experiments could be expected to span a range from fully
turbulent to {laminarizing|[

For the thermal design engineer\ the _rst test of a
predictive technique typically is the Nusselt number[ Fig!
ure 0"e# provides our measurements and predictions
based on the modi_ed van Driest model[ Run 507 shows
typical thermal entry behavior for a turbulent ~ow*the
thermal entry extends to about 04Ð19) diameters and
then the Nusselt number levels[ However\ downstream
the Nusselt number is about 19) lower than the constant
properties prediction for the same conditions\ as expected
for the e}ect of property variation[ Typical empirical
correlations account for this reduction as approximately
"Tw:Tb#−0:1 which would give a reduction of about 05) in
this case ð8Ł[ For Run 524 at the same entering Reynolds
number\ the data in the thermal entry are approximately
the same but downstream the Nusselt number decreases
continually[ This decrease is partly because the Reynolds
number decreases further with the higher heating rate ^
compared to a turbulent constant properties correlation\
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Fig[ 0[ Axial distributions of integral parameters[ "a# Wall temperature[ "b# Local bulk Reynolds number[ "c# Acceleration parameter[ "d# Buoyancy parameter[ "e# Local bulk
Nusselt number[ "f # Pressure defect "non!dimensional pressure decrease#[
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Nu is about 34) low at 14 diameters while a turbulent
variable properties correlation would suggest only a 29)
reduction[ Thus\ this run might be considered to be lami!
narizing downstream[

Run 334 is for a lower entering Reynolds number than
the other two and\ consequently\ the data are lower in
the thermal entry ^ they then continue to decrease down!
stream[ As shown by Shehata ð15Ł\ these values diverge
from a turbulent correlation and begin to agree with the
analytic correlation of McEligot and Swearingen ð27Ł for
purely laminar ~ow with property variation ^ for example\
at x:D ¼ 14 the data are about equidistant from the tur!
bulent and laminar variable!property predictions at
about 19) di}erence from each\ but are diverging from
the former and converging on the latter[ Yet Fig[ 0"b#
shows Rem to be still above 2199 at this location[

For x:D × ½ 7\ the modi_ed van Driest model predicts
Nu "x# quite well[ This form of presentation emphasizes
the di}erences between predictions and data at low axial
distances whereas comparison of Nu "Re# or St "Re#
hides these discrepancies[ The principal cause of the
di}erence at low x:D is the di}erence in thermal bound!
ary condition ] the apparatus has thermal conduction
upstream from the _rst electrode via the test section wall
while the calculations approximate the boundary con!
dition at x � 9 as a step change to an exponential
approach to the "experimentally measured# near!con!
stant qýw"x#[ Consequently\ in the analysis Nu approaches
in_nity as x : 9\ but in the actual measurements Nu is
_nite there since a slight thermal boundary layer began
upstream of the electrode[ Shumway ð28Ł demonstrated
this situation for laminar ~ow[ This preheating of the
incoming ~ow introduces a _xed error in Tb"x# so its
percentage e}ects on "Tw−Tb# and Nu decrease with
increasing x:D[ Shumway ð39Ł estimated the order!of!
magnitude of the preheating for Run 507 to be about 0)
in terms of DTb:Ti ^ for this case the e}ect on Nu would
decrease to about 1) by x:D ¼ 09[ For more precise
predictions\ one could solve the governing equations
upstream with Tw"x# speci_ed from the experimental
measurements as by Shumway ð28Ł and then switch to
the measured distribution of qýw"x# at x:D � 9[ The
necessary data for Tw"x# are demonstrated in Fig[ 0"a#
and are tabulated in a report by Shehata and McEligot
ð20Ł[

The second test for the thermal designer is how well
the pressure drop is predicted[ A direct comparison is
given by the non!dimensional pressure defect\ P¦[ For
strongly heated gas ~ow this comparison should not be
a particularly severe test to meet since\ the higher the
value of q¦\ the more the pressure drop due to accel!
eration dominates over wall friction and elevation change
ð13Ł ^ it becomes a test of the energy balance[ For run 507
the wall shear stress contributes about half of the pressure
drop while at the higher heating rate of run 334 it repre!
sents only about one!third[ Figure 0"f # demonstrates that

the modi_ed van Driest model predicts P¦"x# well
for the turbulent\ subturbulent and laminarizing
conditions[

3[2[ Downstream comparisons

Mean velocity and temperature pro_les for the various
runs are compared to each other for the viscous layer in
Fig[ 1 for x:D ¼ 03 and 14\ i[e[\ after the immediate
thermal entry[ The temperature pro_les correspond to
those of Perkins ð0Ł while the velocity pro_les are the
major new contributions of the current work[ Their
shapes are also compared to conventional predictions for
fully!established\ constant!property\ forced convection at
x:D ¼ 14\ the furthest location downstream[ To present
pro_les in terms of well!de_ned wall coordinates\ y¦

w �
yut\w:nw\ u¦

w � U:ut\w and t¦w �"Tw−T#rwut\wcp\w:qýw\ one
needs a reasonable value of the friction velocity\ ut\w �
ð`ctw:rwŁ0:1[ Direct measurements of the local wall shear
stress are generally not feasible for the conditions of
this experiment "and it cannot be deduced from local
estimates of dp:dx as in unheated ~ow since u"y# varies
continuously in the streamwise direction#[ Conventional
approaches and correlations will not provide reliable
values[ Here\ ut\w is deduced from a combination of the
measurements and the numerical predictions[

After a turbulence model has been adjusted so that the
predicted pro_les of U"y\ x# and T"y\ x# in the viscous
layer agree with their measured values across and along
the test section\ then the values of tw from the program
output can be taken as indirectly deduced data[ The val!
idity of the approach hinges on how well the predictions
agree with the measurements ^ this comparison is pre!
sented in Sections 3[3 and 3[4 later[ The pertinent code
result is fs:fDKM\ where fs is the friction factor de_ned
unambiguously in terms of bulk properties\ and it is ref!
erenced to the Drew\ Koo and McAdams correlation ð22Ł
here evaluated at the bulk Reynolds number "as in the
code#[ The wall coordinates are de_ned in terms of ~uid
properties evaluated at the wall temperature\
mw � m"Tw#\ cp\w � c"Tw# and so forth\ as by Bankston
and McEligot ð00Ł[ Once these properties are evaluated
and tw is determined via fs �" fs:fDKM# = fDKM\ calculation
of ut\ y¦

w \ u¦
w and t¦w from their de_nitions is straight!

forward[ The approach could be considered to be philo!
sophically comparable to the technique of _tting data
with a Clauser plot\ but a Clauser plot is not valid for
low Reynolds numbers or for ~ows changing signi_cantly
in the axial direction[

Temperature pro_les show the trends identi_ed by Per!
kins[ These trends are slight at x:D ¼ 03 where the ther!
mal boundary layer has apparently barely reached the
centerline and are more evident at x:D ¼ 13 where there
has been more opportunity for development in response
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Fig[ 1[ Comparison of mean pro_les downstream\ in terms of wall coordinates[
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to the thermal disturbance at the wall[ Examining Run
507 "low q¦\ higher Rei#\ one sees evidence of a log!
arithmic pro_le beyond the viscous layer[ Then as q¦

increases and Rei decreases\ the non!dimensional tem!
perature pro_le t¦"y¦# increases[ Such an increase in
t¦"y¦# corresponds to a reduction in turbulent thermal
energy transport with a greater fraction of qý"y# being
due to molecular transport[ Comparable behavior has
been observed for momentum transport in the viscous
layer of ~ows with favorable streamwise pressure gradi!
ents ð30Ł[

The conditions at x:D ¼ 14 "Fig[ 1"c## might be
expected to be quasi!developed[ The data from Run 507
are compared to the log law prediction of Johnk and
Hanratty ð31Ł and to a lower Reynolds number version
presented by Kays and Crawford ð24Ł ðtheir equation
"02[5#Ł\ with gas properties evaluated at the wall[ The
data are higher than either prediction ^ this observation
is consistent with a thicker viscous layer\ which would
increase the thermal resistance and lower the Nusselt
number as observed for heated\ turbulent ~ows with gas
property variation ð5Ł[ The fourth!order parabola for
fully!established\ constant!property laminar ~ow\
t¦ � Pr = y¦ ð0¦"9[4 y:rw#−"y:rw#1¦9[14"y:rw#2Ł has
been evaluated at the conditions of Run 334[ At the tube
center "y¦

c ¼ 69#\ t¦"y¦
c # is predicted to be about 26[

One sees agreement with this prediction for pure molec!
ular transport to y¦ ¼ 19Ð29 and then possible evidence
of turbulent transport further from the wall\ in the sense
that t¦"y¦# data are lower than the laminar prediction[
The comparable run presented by Perkins was at slightly
more severe heating conditions "q¦ ¼ 9[9944 vice 9[9934#
and gave close agreement almost to the centerline[

Run 524 temperature results fall between those of Runs
507 and 334[ "For Fig[ 1"a# the disagreement with the
limiting behavior t¦ ¼ Pr = y¦ implies problems in the
evaluation of Tw or tw at x:D ¼ 03#[ There is an indication
of less turbulent transport of thermal energy than for
Run 507 and more than for Run 334[ The measurements
of Run 524 do not fall near either limiting prediction and
there is no apparent log law region[

Mean velocity pro_les u¦"y¦# are compared to one
another at x:D ¼ 03 and 14 in Figs 1"b# and "d#[ As with
t¦"y¦#\ Run 507 has a pro_le shape as expected for
normal fully!developed\ turbulent tube ~ow at both
locations "as well as the entering adiabatic pro_le#[ In
fact\ at 14 diameters the data show reasonable agreement
both with the molecular transport prediction\
u¦ �"y¦:1#ð0¦"r:rw#Ł at low y¦ and with a turbulent
recommendation based partly on a relation for eddy vis!
cosity by Reichardt ð24\ equation "00[4#Ł for y¦ × ½ 29[
It is seen that the data fall above the so!called Universal
Velocity Pro_le which was developed for high Reynolds
numbers where t"y# � tw ^ the approximation of Kays
and Crawford accounts for t"y#[

At 03 diameters\ Run 334 has u¦"y¦# measurements

in approximate agreement with Run 507 to y¦ ¼ 29
"which is about one!third of the distance to the centerline#
and then the pro_le ~attens\ possibly due to buoyancy
forces in the thermal boundary layer[ The buoyancy par!
ameter Grq:Re1 is about 9[2 at this location[ The
maximum velocity appears to occur between y¦ of 29
and 39 so the core region would {see| the wall region ~ow
as a higher velocity mixing layer\ as if it were a concentric
annular jet[

At 14 diameters the Run 334 pro_le data again agree
with the higher Reynolds number run to y¦ ¼ 19Ð29
"y:rw ¼ 9[24Ð9[4#\ then there is a sharp change in the
velocity gradient*corresponding to increased turbulent
transport*followed by a relatively ~at central core[ The
buoyancy parameter Grq:Re1 has decreased to about 9[1
by this location and the maximum velocity is no longer
near the wall[ This behavior is as one might expect for the
physical entry of a pipe\ with the central core accelerating
uniformly with a ~at pro_le until the momentum bound!
ary layer grows to the center[ But in the present case the
turbulent velocity pro_le is approximately fully!
developed ahead of the heating section[ The high wall
heat ~ux leads to a rapid increase in wall temperature
in the axial direction and\ in turn\ to higher viscosity
"m ½ T 9[6#[ Thus\ the thermal boundary layer may appear
to the oncoming turbulent ~ow as a slight contraction or
pseudo tube entry would[

For Run 524\ u¦"y¦# shows a conventional turbulent
shape at both 03 and 14 diameters and generally is inter!
mediate between Runs 507 and 334[ One could identify
approximately linear near!wall layer and {log law|
regions\ but the magnitudes do not agree with accepted
levels for fully!developed\ constant!property ~ows[ It is
di.cult to establish bounds for these regions "and it may
not be appropriate to examine these developing ~ows\
with multiple phenomena\ in terms of these concepts#\
but a possible interpretation is that the viscous layer is
e}ectively thickened near the wall while the momentum
transport is enhanced away from the wall[

The e}ects of signi_cant gas property variation on the
mean velocity pro_les appear to di}er from those on
the mean temperature pro_les[ Whereas the temperature
pro_les vary as the velocity pro_les of accelerated ~ows
and drag!reducing polymer ~ows do\ the present velocity
pro_les themselves do not[ One may compare Figs 1"c#
"temperature# and "d# "velocity#\ where correlations of
conventional wisdom have been sketched for reference[
For t¦"y¦#\ as the non!dimensional heating rate becomes
more severe\ pro_les away from the wall approach the
laminar prediction with increasing values implying
reduction in the turbulent transport of energy[ For
u¦"y¦# an opposite result is observed ] away from the
wall the pro_les decrease as q¦ increases\ corresponding
to increased turbulent transport of momentum or a trend
like increasing wall roughness[ The key to the apparent
discrepancy may be the thermal development[



A[M[ Shehata\ D[M[ McEli`ot:Int[ J[ Heat Mass Transfer 30 "0887# 3186Ð3202 3296

3[3[ Thermal entry development

Figure 2 describes the axial ~ow development after the
start of heating in non!dimensional terms\ U:Vb and T:Ti[
Symbols represent measurements while solid lines show
predictions from the modi_ed van Driest model[ Wall
temperature data are from the wall thermocouples while
other measurements are from the wire sensor[

The _rst set of thermal entry data is for the {low|
heating rate conditions characterized as turbulent by Per!
kins ð0Ł[ The reference control parameters were
Rei ¼ 5999 and q¦ ¼ 9[9907 "i[e[\ Run 507#\ leading to
an acceleration parameter of about 0[1×09−5 as shown
in Fig[ 0[ The non!dimensional radius of the unheated
upstream section is about r¦ � y¦

c ¼ 199[ It is expected
that the heat transfer parameters would correspond to
turbulent predictions\ with allowance for a reduction in
local Nusselt number ðtypically of the order of
"Tw:Tb#−0:1#Ł due to the gas property variation along the
tube and across the viscous layer[

Figure 2"a# presents the thermal and momentum devel!
opment axially in terms of mean pro_les at 2[06\ 03[1 and
13[4 diameters[ Obtaining the mean streamwise velocity
data was the main objective of the present work since
Perkins ð0Ł was unable to obtain meaningful velocity
measurements in his attempts with an impact tube[ Vel!
ocities are normalized by the local value of the bulk
velocity while the non!dimensional temperatures are
based on the "absolute# inlet temperature[

Velocity pro_les appear representative of normal\
developed turbulent ~ow in a circular tube\ as expected[
As the ~ow progresses downstream\ the gradient at the
wall decreases with the progressive decrease in Reynolds
number[ No surprises are evident[ For the present results
a thermal boundary layer thickness is operationally
de_ned as the distance from the wall beyond which there
is no observable di}erence from the inlet temperature\
as observed on the _gures[ At x:D � 2[06\ the thermal
boundary layer reached about 39) of the tube radius[
By 03[1 diameters\ the thermal boundary layer already
extended to the centerline and the pro_le is typical of a
developed turbulent ~ow\ distinguished by a high gradi!
ent near the wall "most of the thermal resistance# and a
well mixed ~ow in the interior[ The last pro_le is quali!
tatively the same\ with an increase in level corresponding
to the higher bulk temperature[ The temperature data of
Perkins ð0Ł behave in much the same way as the data in
this study[ Variations between the two are mainly due to
minor di}erences in the heating rates and inlet Reynolds
numbers[

The second set of data is at the intermediate heating
rate "Rei still 5999 and q¦ ¼ 9[9924# which was described
as subturbulent by Perkins ð0Ł[ The acceleration par!
ameter was about 1×09−5 along most of the tube[ This
set has almost twice the heating rate and KV as the _rst
set\ while having the same inlet ~ow rate[ For these con!

ditions\ Perkins has shown that the integral heat transfer
parameters do not agree with turbulent\ variable proper!
ties correlations nor with laminar\ variable properties
numerical predictions[

Since this run is considered the most di.cult of the
three to model ð0Ł\ mean pro_le data were obtained at
more stations[ Figure 2"b# shows the thermal devel!
opment at _ve axial locations[ The _rst three pro_les
indicate that the thermal boundary layer reached the
centerline near x:D � 8 or 09[ Near the wall the tem!
perature pro_le was nearly linear over a substantial
region[ This region grew thicker as the ~ow progressed
downstream\ reaching y:rw ¼ 9[14 by the last station[
Although signi_cant thermal resistance appears dis!
tributed across a large portion of the cross!section\ a near
~at pro_le is still evident in the central region at the
last three locations[ This last observation implies that
turbulent mixing is not suppressed there "it is not a case
of being outside the thermal boundary layer\ since the
centerline temperature is above Tw:Ti � 0#[

Again the velocity distribution appears to represent
typical developed turbulent ~ow in a tube[ If the nor!
malized pro_les are compared with the previous set of
pro_les from run 507 "in Fig[ 2"a##\ one sees no large
di}erences[ At x:D ¼ 2[1 the pro_les are almost coinci!
dent[ Again at x:D ¼ 03[1 they also are[ Finally at the
last location\ run 524 is slightly more {peaked| than run
507[ That is\ the "non!dimensional# gradient near the
wall is lower and the central velocities are higher than for
run 507[ This observation is consistent with a thicker
viscous layer*and with the lower local Reynolds number
due to the higher heating rate[ In both cases the gradients
near the wall became less steep as the ~ow progressed
downstream[

The last set of runs is at the highest non!dimensional
heating rate and lowest inlet ~ow rate "Rei ¼ 3999 and
q¦ ¼ 9[9934 : Run 334#[ These conditions were cat!
egorized as being on the borderline between subturbulent
and laminarizing ~ow by Perkins "his Fig[ 7#[ Figure 0
shows that KV exceeds 2[4×09−5\ which is considered by
Sreenivasan ð32Ł and others as near a critical value for
laminarization to set in[ The parameter Grq:Re1 peaks at
over 9[3\ implying possible buoyancy e}ects near x � 9[

The measurements at 2[06 diameters "Fig[ 2"c## show
that the thermal boundary layer had grown to y:rw ¼ 9[3
by this distance[ Presumably this growth is partially a
consequence of upstream axial conduction and axial ther!
mal radiation to the tube wall of the {unheated| entry
region\ as is evident earlier in Fig[ 0[ By x:D � 03[1 the
thermal boundary layer again _lled the tube[ The tem!
perature pro_le started to take a parabolic shape\ except
in the central region where the e}ects of turbulent mixing
still appear signi_cant[ At x:D � 13[4\ the measured tem!
perature pro_le resembles a parabola more closely[

One recalls that the analytic pro_le for fully established
laminar ~ow with constant properties is a fourth!order
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Fig[ 2[ Axial development of mean temperature and mean axial velocity _elds[ "a# {Turbulent| run 507\ q¦ ¼ 9[9907 and Rein ¼ 5979\ "b# {subturbulent| run 524\ q¦ ¼ 9[9924 and
Rein ¼ 5949\ "c# {laminarizing| run 334\ q¦ ¼ 9[9934 and Rein ¼ 3159[
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parabola ð24Ł*but\ in these data\ viscosity and thermal
conductivity vary by factors of about two and at this
Reynolds number a laminar ~ow would require a longer
distance to become fully established[ However\ Perkins
ð0Ł did demonstrate that a laminar\ variable properties
calculation*starting from the existing turbulent velocity
pro_le in the entry*could provide reasonable pre!
dictions of the mean temperature distribution for com!
parable conditions[

The mean velocity pro_les in the wall region "Fig[ 2"c##
show a near Blasius shape while progressing downstream[
In the central region\ starting at about half the radius\
the pro_les are almost ~at for the measurements at
x:D ¼ 03[1 and 13[4\ indicating high turbulent mixing\
e}ects of acceleration\ reduced shear stress and:or buoy!
ancy e}ects there[ The velocity pro_le at 03[1 diameters
possesses a slightly distorted shape\ consistent with buoy!
ant forces in a heated\ vertical gas ~ow[ The velocity
reaches a maximum at y:rw ¼ 9[34 after which it decreases
to y:rw ¼ 9[5 and then remains approximately constant
to the centerline[ The local value of Grq:Re1 is about 9[2
at this location[ With a tube of larger diameter\ Carr\
Connor and Buhr ð33Ł noticed a pro_le with a com!
parable distortion at Grq:Re1 ¼ 9[35 but at
Grq:Re1 ¼ 9[17 they observed none[ By using a larger
tube\ they reached these values with lower heating rates\
i[e[\ less gas property variation[ At the last measuring
station\ the velocity pro_le does not show an obvious
maximum away from the centerline but it possesses a
signi_cant ~at portion across a broad core region[ The
local value of Grq:Re1 has decreased to below 9[1 at this
position so this observation of no maximum near the wall
is consistent with the data of Carr\ Connor and Buhr[

The predictions from the simple\ modi_ed van Driest
model agree with the pro_le measurements reasonably
well\ particularly for the runs at the highest and lowest
heating rates[ As found by Perkins\ simulation of {sub!
turbulent| runs such as 524 is apparently more di.cult[
Wall temperature points are consistent with the results
for Nu "x# shown earlier in Fig[ 4e[ In Run 524 at low
x:D\ predictions are slightly lower than Tw"x# data ^ as
the ~ow proceeds downstream the predicted Tw"x# pro_le
is higher and diverges from the measurements "i[e[\ pre!
dicted Nu "x# is lower and diverges further#[

For Run 524\ prediction of the velocity distribution
appears to be better than for the temperature pro_les[ The
poorest agreement for a velocity pro_le is at x:D ¼ 03[1
where data are higher than predicted near the wall and
lower in the core ^ these trends correspond to the tem!
perature data being lower near the wall and higher in the
central region[ For temperature distributions these trends
continue downstream while agreement of the velocity
distribution appears to improve at x:D ¼ 19 and 13[4[
Interpreting this observation in terms of energy trans!
port\ one could say that the model predicts a lower rate
of turbulent transport than observed from the wall region

to the core\ starting between x:D ¼ 8 and 03 ^ one expla!
nation could be overprediction of the e}ective viscous
layer thickness at these local conditions[ Conceptually\
one could adjust the function A¦"Re# or other features
of a turbulence model to accommodate these details "in
fact\ Perkins ð0Ł did improve prediction of T"r\ x# for
{subturbulent| runs by revising A¦"Re# at low Reynolds
numbers#[

3[4[ Axial development of the viscous layer

A _nal objective of the present study is to examine the
validity of the simple\ modi_ed van Driest model ð09Ł
for predicting internal ~ow development due to strong
heating of common gases*in the viscous layer[ Perkins
ð0Ł did compare predictions to his mean temperature pro!
_le data but the present study is the _rst opportunity to
examine agreement with internal velocity distributions
for dominant forced convection in this situation[ Our
comparisons concentrate on the viscous layer\ again
because it provides the dominant uncertainty in the con!
vective thermal resistance[ Also examination of pro_les
alone can give misleading con_dence when scaled linearly
on dimensions such as rw ð5\ p[ 046Ł[

Figure 3 presents the comparison of predictions and
data for the viscous layer in forms equivalent to wall
coordinates while avoiding the uncertainty introduced
by the determination of the wall shear stress[ In wall
coordinates the velocity pro_le is particularly sensitive to
the uncertainty of tw since it appears in the numerator
for y¦ and the denominator for u¦[ By using the semi!
log axes the presentation is concentrated on the viscous
layer\ e[g[\ for Runs 507 and 524\ y:rw � 9[0 corresponds
to y¦ ¼ 19 for the entering pro_les[ For the temperature
pro_les\ t¦w � "Tw−T#rwut\wcp\w:qýw is represented by
"Tw−T#:Ti[ These comparisons of predictions and
measurements are more direct "and more severe# than
using wall coordinates based on a wall shear stress which
has been _tted in the viscous layer[

As t¦"y¦# normally shows the same trends as u¦"y¦#
in fully!established\ constant!property ~ow\ the pro_les
of "Tw−T#:Ti approximate the trends of U:Vb here[ This
quantity also provides an indication of the variation of
transport properties across the region of interest[ For
example\ in Run 507\ "Tw−T#:Ti varies by about 49)
to y:rw ¼ 9[4 so m and k vary by about 39) in that region[
In contrast\ in Run 334 they vary by more within the _rst
three diameters[

The general observations for Fig[ 2 are con_rmed by
the comparisons of Fig[ 3[ Even when the examination
concentrates on the near wall region\ runs 507 and 334
"lowest and highest q¦# are predicted well by the modi_ed
van Driest model through the viscous layer[ "At
x:D ¼ 13[4\ y¦

w ¼ 29 corresponds to y:rw ¼ 9[15 for Run
507 and to y:rw ¼ 9[4 for 334[#

For Run 524 the velocity predictions agree reasonably
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Fig[ 3[ Examination of axial development of viscous layer data[ "a# {Turbulent| run 507\ q¦ ¼ 9[9907 and Rein ¼ 5979\ "b# {subturbulent| run 524\ q¦ ¼ 9[9924 and Rein ¼ 5949\ "c#
{laminarizing| run 334\ q¦ ¼ 9[9934 and Rein ¼ 3159[
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well within the viscous layer for all but the pro_le at
x:D ¼ 03 ^ at this location\ y¦

w ¼ 29 corresponds to
y:rw ¼ 9[21 for this run[ Non!dimensional temperature
pro_le agreement is approximately the same at this
location\ underpredicted for y:rw ³ ½ 9[1 and then over!
estimated[ Further downstream the non!dimensional
temperature agrees well for y:rw ³ ½ 9[1 then diverges
for higher values[ At x:D ¼ 13[4\ y:rw ¼ 9[1 corresponds
to y¦

w ¼ 05\ which would be about halfway across the
viscous layer in unheated ~ow[ Shehata and McEligot
ð20Ł show that −ruv:tw is predicted to be still less than
9[0 at x:D × 03 at this radial position in this heated
~ow*so this good agreement near the wall would be a
consequence of molecular transport dominating[

Figure 3"b# demonstrates that overall the modi_ed van
Driest model does correlate the mean velocity and tem!
perature measurements fairly well even for our Run 524\
the most di.cult of the three to predict[ As shown by
Mikielewicz ð12Ł some so!called advanced turbulence
models do not do as well[

As a measure of the viscous layer thickness or a length
scale for the viscous layer\ we can choose the distance
from the wall where om is predicted to equal n\ i[e[\ where
om:n � 0 ð20Ł[ For convenience\ we call this predicted
location y¦

v [ For the entry pro_le at Rei ¼ 5999\
y¦

v ¼ 01 "Runs 507 and 524#[ For {turbulent| Run 507\ it
decreases to about 000

1
and then increases to y¦

v ¼ 03
progressing downstream[ This thickening of the viscous
sublayer is consistent with empirical correlations for tur!
bulent ~ow that show reductions in integral heat transfer
parameters with increasing gas property variation[

In Run 524\ y¦
v is about 01 at the entry and decreases

to 00 at x:D ¼ 2\1 before increasing successively to 04\
16\ 31 and 45 for x:D ¼ 7[6\ 03[1\ 08[8 and 13[4\ respec!
tively[ One might say the viscous layer\ which con!
ventionally would have signi_cant turbulent transport
from y¦ ¼ 4Ð29\ has laminarized although integral heat
transfer parameters would not agree with laminar pre!
dictions ð0Ł ^ alternatively stated\ the predicted viscous
layer becomes much thicker than for conventional treat!
ments with constant properties[

Then\ for Run 334\ heating conditions are su.ciently
severe that throughout the range of measurements om:n
decreases with x[ The inlet pro_le still represents normal
turbulent ~ow albeit reduced compared to asymptotic
high Reynolds number values\ as hypothesized by
McEligot et al[ ð34Ł and shown by Reynolds et al[ ð35Ł[
The viscous layer length scale y¦

v thickens continuously
with x\ almost reaching y¦ � 39 at x:D ¼ 03[ If the
viscous layer is de_ned as the region where molecular
transport is important ð1Ł\ at x:D ¼ 13[4 it extends across
the entire tube[ At the last station the bulk Reynolds
number is about 2299[ While run 524 might be considered
to be laminarizing downstream\ Run 334 appears to be
laminarizing along the entire heated length*but it is a
matter of degree[ Perkins ð0Ł has shown that the local

Nusselt number for conditions like this run could be
expected to agree with a laminar\ variable properties cor!
relation for the thermal entry[ However\ although the
om:n pro_le shows a layer dominated by molecular viscous
e}ects\ hot wire signals showed turbulent ~uctuations*
apparently they are not transporting much momentum
"in comparison to molecular transport#[ "Further details
of inferred pro_les of om:n\ −ruv:tw and −rcpvt:qýw are
presented by Mikielewicz et al[ ð18Ł and Shehata and
McEligot ð20Ł[

As seen earlier in Fig[ 1\ the mean velocity pro_le
beyond y¦ ¼ 29 becomes approximately uniform "with a
possible local maximum at x:D ¼ 03[1 and y¦ ¼ 29# so
om:n becomes near zero there in an apparently well!mixed
central core[ This trend would be consistent with the
buoyancy e}ects observed by Carr et al[ ð33Ł at
Grq:Re1

m ¼ 9[35 in mixed convection with near constant
properties[ For our data for Run 334\ Grq:Re1

m decreases
from ½ 9[3Ð½ 9[1 over the distance from x:D ¼ 5 : 14[

4[ Concluding remarks

The viscous layer in gaseous\ turbulent tube ~ow with
strong heating\ but dominant forced convection\ has been
probed via thermal anemometry[ Experiments for air
~owing upward in a vertical circular tube were conducted
for heating rates causing signi_cant property variation
after an unheated entry of 49 diameters\ preceding the
heating[ Two entry Reynolds numbers of approximately
5999 and 3999 were employed*concentrating on three
heating rates\ q¦ ¼ 9[9907\ 9[9924 and 9[9934\ to give
conditions considered to be {turbulent|\ {subturbulent|
and close to {laminarizing|\ respectively[ The acceleration
parameters and buoyancy parameters were signi_cant
with ranges of 0[1×09−5 ³ KV ³ 3[0×09−5 and
9[0 ³ Grq:Re1

m ³ 9[42\ respectively[ Examination
emphasizes the wall region which would conventionally
be expected to contain the viscous layer\ 9 ³ y¦ ³ ½ 29\
if the ~ow were unheated[

Development was measured by obtaining internal
mean axial velocity and temperature pro_les at axial sta!
tions from about 2[1Ð13[4 diameters[ Prior to the present
measurements\ data for mean velocity distributions were
not available for this situation[ As described by Shehata
and McEligot ð20Ł\ these measurements required a sub!
stantial development e}ort and calibration to account
for the e}ects of large temperature di}erences on the
thermal anemometry employed[

Until these data became available\ {advanced tur!
bulence models| for internal ~ow with variable properties
"e[g[\ Kawamura ð01Ł\ Fujii et al[ ð07Ł\ Torii et al[ ð10Ł\
Torii and Yang ð19Ł# have not even had mean velocity
pro_les to verify or refute their assumptions for the vis!
cous layer and comparisons by Mikielewicz ð12Ł have
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shown that most advanced turbulence models are refuted
for these conditions[

In these ~ows the thermal boundary layer reached the
centerline by about 03 diameters[ At the higher Reynolds
number and the lowest heating rate "called {turbulent|
above#\ after being disturbed in the _rst few diameters by
the heating and its accompanying property variation\
pro_les representing the turbulence quantities*l:y\ om:n\
−ruv:tw and −rcpvt:qýw*appear to recover to approxi!
mately self!preserving conditions as shown separately by
Shehata and McEligot ð20Ł[ In the other two runs with
higher heating rates\ these turbulence quantities decrease
after the entrance until they are small relative to molec!
ular e}ects[

In addition to documenting the _rst mean velocity
distributions for these di.cult cases\ the present study
demonstrated that the simple modi_ed van Driest model
"developed from wall data alone by McEligot and Bank!
ston ð09Ł# predicts the mean internal pro_les and non!
dimensional pressure drop reasonably well overall[ How!
ever\ Bates et al[ ð04Ł have demonstrated that this model
is not appropriate for ~ows with large buoyancy e}ects[
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